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Abstract 
Anti-resonance phenomenon caused by additional parametric excitation is herein studied on the forced vibrated beam as a tool 
for vibration suppression. Besides numerical simulations, the dynamic experiments on the cantilever beam were performed. The 
PZT patches were used as actuators for the parametric excitation.   
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1. Introduction 
This contribution deals with possibilities of an application of the additional parametric excitation (e.g. Tondl, 
Ecker, 1999, Ecker et al., 2002, Tondl, Půst, 2012, Pešek, Tondl, 2012, Tůma et al. 2014, Pesek et al., 2014) as a 
tool for the suppression of vibration. By adding the parametric excitation, the equations of motion are governed by 
linear differential equations with periodic time variable coefficients. It is well known that these systems can be 
unstable in the vicinity of the first kind resonance and combination resonance frequencies. The combination 
resonances can be additive or subtractive. It was, however, discovered and mathematically proven (Tondl, 1998) 
that the excitation by combination subtractive resonance frequency brings stabilization and suppression effects into 
self-excited and externally excited vibrations under single harmonic excitation. We decided to deal with this 
technique as active damping tool of beam flexural vibration since it can be a remedy for thin structures that suffer by 
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dominant single resonant vibrations such as in the case of turbine blades (Pešek et al., 2012, 2015a). Since the piezo 
films and patches give the possibility to excite the vibration of the thin structures by direct coupling to the structure 
(e.g. Nordman, 2005, Preumont, 2011, Augustyn, 2014, Nader, 2013) they seem to be proper actuators for their 
active damping. The application of piezofilms PVDF for excitation and active damping of blade flexural vibration 
confirmed the suppression vibration effect (Pešek et al. 2014, 2015b). Since the excitation capacity of the PVDF 
films is very low, the PZT patches at which the catalogue blocking forces result two orders higher than at the PVDF 
films were considered as actuators of active damping of beam flexural vibration in this contribution. Since the 
stiffness of the substrate plays the important role for the performance of PZT patches, we dealt with tests and 
calibration of the force effect of the PZT patches, too. 
2. Force actuation of the piezoelectric layer 
The electrical field acting between the electrodes of elements of piezoelectric materials causes their dimensional 
changes. The sizes of these changes are given by the piezoelectric constants of the material. Suppression of some of 
these changes leads to a force actuation on the body in contact with piezomaterial by the blocking force FB (Bell, 
1993). In case of the thin piezoelectric layers glued on the beam, the blocking force evokes bending moments Mp 
acting against each other on the more distant ends of the strip (Preumont, 2011) (see Fig. 1) 
31p B m p p mM F z E d Ub z      (1)
 
where  Ep [Pa] is the Young modulus of piezomaterial, d31 [m/V] is piezoelectric constant between axis 3 
(direction of longitudinal axis of the strip) and axis 1 (direction perpendicular to the strip plane), U [V] supply 
voltage, bp width of the strip, zm distance of the neutral axis of the beam from the plane of the piezolayer. 
 
 
Fig. 1. Chart of the beam FE model with the one-side PZT patches layout 
 
For indirect evaluation of the bending moments from the experimental ascertained resonant amplitudes of the 
clamped beam vibration, the finite element beam model consisted of 25 elements and based on the Euler theory was 
created. Each node i=1,2,..,25 of the FE model has two degrees of freedom (DOF), i.e. transversal displacement w 
and angular displacement Mindexed by 2*i-1 and 2*i, respectively, in the global displacement vector @> 501 y....yT  y  of the beam. 
The opposite bending moments Mp act on the corresponding DOFs M3, M and M6, Mof the FE model. So, the 
resulting value of amplitude y49 of the beam tip can be expressed  
49 49,16 49,12 49,10 49,6 49,( ) ( ( ) ( ) ( ) ( )) ( )pp M py h h h h M h MZ Z Z Z Z Z     '  (2) 
where h49,N (N=16,12,10 and 6) are frequency response functions (FRF) between beam tip displacement and the 
moments at the node 16, 12, 10 and 6, respectively. So, their combination in (2) represents the FRF between the tip 
displacement and the resulting bending moment of the piezoelectric layers. Hence, if the amplitude of vibration is 
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known, e.g. from experiment, the unknown bending moment Mp can be alternatively to (1) evaluated from 
expression (2). 
For evaluation of the FRF functions in the vicinity of the first flexural resonant vibration of the beam we come 
from an analytical formula i,jh  (jth DOF output, ith DOF input) describing the beam as non-conservative mechanical 
system: 
     1 1, ,1 1 1, ,1 1 1,j i j i j ih x i s x x i s xZ Z Z       (3) 
where   - 111 ZV is   is eigenvalue, V1  damping constant, Z1  eigenfrequency of the first flexural vibration 
with corresponding orthonormalized eigenvector @1 50....T x x ª¬x . Line over the letters designates complex conjugate 
counterparts. 
At the lightly damped systems, the expression (3) can be arranged for substituting eigenfrequency and 
eigenvector x1 (normalized to the mass matrix) of the undamped system 
     1 1, ,1 1 1 1 1, ,1 1 1 1 1,x 2 ( ) x x 2 ( xj i j i j ih i iZ Z Z V Z Z Z V Z          ª º ª º¬ ¼ ¬ ¼  (4) 
Dissipation is then represented only by damping constant V1 that was evaluated from the logarithmic decrement 
of the resonant vibration attenuation. 
The amplitude-frequency functions of FRF (h49,10- h49,6), (h49,16- h49,12) and h49,Mp between partial and total 
moments, respectively, of PZT patches and the displacement of free end of the beam are drawn in the Fig. 2a. 
 
Fig. 2. (a) The amplitude-frequency functions (h49,10- h49,6), (h49,16- h49,12) and h49,Mp; (b) The time characteristics of sweep excited 
vibration ‹166÷172›Hz by PZT actuators: acceleration AL1 (ሷ 25) of the beam (top) and supply voltage Upiezo of the strips (bottom). 
 
The measured time characteristics, i.e. accelerations ݓሷ 25, ݓሷ 13 of the beam and supply voltage V of the patches, of 
sweep excited vibration in a range ‹166÷172›Hz that was used for calibration of the blocking force and bending 
actuation of the PZT patches are depicted in the Fig. 2b. The moment Mp results 30.9e-3 [Nm] for values of 
ݓଶହ=0.339 [mm] (V=90[V]) and h49,Mp(Z1)=0.011 [m/Nm] at the beam resonance frequency Z1/2S = 168.4[Hz]. The 
damping ratio describing the structural damping of the clamped steel beam was assumed 0.08%.  
Using (1) with tabular values Ep = 25e9 [N/m2], d31 = 180e-12 [m/V] and U = 90[V], bp = 0.013 [m], zm = 0.005 
[m], we receive theoretical value of Mp,T = 26.3e-3 [Nm] of single patch. For comparison with the experimental 
value Mp, however, we have to consider a value 2MpT = 52.6e-3 [Nm] since the piezoelectric patches were aligned 
from both sides of the beam and therefore the bending moment was double. With respect to the uncertainty of the 
material values of the PZT and fixing the patches on the substrate, the agreement between experimental and 
theoretical estimations of the bending moment is satisfactory. 
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3. Numerical model of beam with additional parametric excitation 
A parametric ‘anti-resonance’ effect for suppression of a forced resonant vibration by additional parametric 
excitation was studied first on the numerical simulations. The equation of motion of the mechanical system with 
parametric excitation can be expressed in matrix form as 
         pε  cos( t) t t t tbQ    pK K y By My f  (5) 
where K, B and M are stiffness, damping and mass matrices,  yy , and y are the vectors of displacement, 
velocity and acceleration, respectively. Vector fb represents force vector. Matrix Kp multiplied by small parameter 
pε  and by the function )cos( tQ represents parametric excitation contribution periodically variable with frequency Q. 
The parametric antiresonance that suppresses vibration occurs at an excitation frequency 2 1Q  : : rad/s (Tondl, 
1998).  
Since the time variable elastic force  pε  cos( ) ttQpK y  was simulated by the moments Mp of PZT patches as 
function of a product of a displacement yi and harmonic function cos( t)Q  at the tests of additional parametric 
excitation we transferred and modified the parametric excitation in Eq.(5) as follows   
         it t t t ε y t cos( t)b Q    pKy By My f I  (6) 
The moments of PZT patches were here localized by zeros vector pI  with ones and minus ones only on the 
places corresponding to the DOFs on which the moments act (Fig.1). The signs are given by directions of the 
moments. Parameter His an amplification factor of the additional parametric excitation. 
Under assumption of weak influence of the parametric excitation on the modal behavior of the blade and stiffness 
proportional damping, we transform the Eq.(6) into the so-called quasi-normal model   
p-ε cos( )R R R R R R bR R R tE Q   k y k y m y f f y   (7) 
Displacement vector y  in Eq.(6) is transformed by relation RXy  into reduced displacement vector Ry in Eq.(7) 
where modal matrix @1 .... n ª¬X x x  consists of eigenmodes jx  (j=1,..,n). Then pTR  k XK X , TR  m XMX , 
T
bR b f Xf  and E  is stiffness coefficient of proportional damping. Since iy Xi R y  then XTpR pR i f XI , where 
i ,1 ,X x ....xi i nª º¼¬ .  
If the modal matrix X consists of the first two eigenmodes and is orthonormalized to the mass matrix M, then we 
can express the Eq.(7) as  
 
 
             (8) 
 
 
The solution of the equation (8) was ascertained by the model created in the Simulink environment. The 
Dormand-Prince (ode5) method with fixed time step 1e-4s was used for a time integration. The computed 
parameters of the Eq.(8) for FE model (Fig. 1) of the steel beam (heigh×width×length 10×18×240mm) subjected to 
the force Fem=4e-3N were: 1 1082.9:  rad/s, 2 6745.2:  rad/s, 8e 4E    (material damping ratio 0.08%), 
1 20.0136, 0.0135bR bRf f  , p 11 6.5325Rf   , p 12 14.8105Rf  p 21, 0.0187Rf  , p 22 0.0423Rf   . The frequency 
2 1  5662.3Q  : :   was chosen for the parametric excitation. 
The computed contours of maximal amplitudes of displacements at the tip y49 in the middle y23 of the beam and 
bending moment Mp of the PZT patches during a sweep frequency external forced excitation for parameters H  in 
the range 0 15 e4y  are shown in Fig. 3. The moment Mp was evaluated from the expression parametric excitation 6ε y t cos( )tQ . The sweep excitation was in the rate 2 rad/s2 inside the frequency range 988.6,  1177.1Z  rad/s. 
The y23=w12 was used as ith DOF displacement for generating the moment Mp. 
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The contours of maximal amplitudes of displacements show that with increasing the amplification factor H the 
amplitudes of vibration evenly decreases and the resonance frequency slightly grows and its region extends. The 
moment that is proportional to the displacement of the beam follows this characteristic, too. Comparing amplitude of 
y49 with and without the additional parametric excitation proves the theoretical assumption of the influence of the 
parametric antiresonance: the forced vibration is lowered due to increased damping by the antiresonance. The 
damping effect increases with the increase of the amplification parameter H . 
Time characteristics of displacements during sweep frequency excitation and their details in the vicinity of the 
first eigenfrequency 1:  are drawn in Fig. 4 and 5, respectively. Besides the displacements, the frequencies of both 
excitations, i.e. forced excitation (solid line) and parametric excitation (dashed line), are depicted, too. The zoom 
characteristics (Fig.6) show the origination of modulation of the force excited displacements by the second resonant 
frequency due to the parametric excitation. 
 
 
Fig. 3. Contours of maximal amplitudes of displacements y49 (top) of the beam and moment Mp (bottom) of PZT patches of additional parametric 
excitation  (H = 0÷15e4)  during the sweep external excitation. 
 
 
Fig. 4. Time characteristics of displacements y49 (top), y23 (middle) of the beam and excitation frequencies (bottom) during sweep excitation - 
additional parametric excitation (H = 15e4). 
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Fig. 5. Zoomed time characteristics of displacements y49 (top), y23 (middle) of the beam and excitation frequencies (bottom) during sweep 
frequency excitation - additional parametric excitation (H = 15e4). 
 
4. Experiment on forced flexural vibration with additional parametric excitation 
Tests of the PZT actuators were based on the excitation of the first flexural resonant vibration of the clamped 
beam with the registration of its dynamic responses. The prismatic steel blade has a rectangular cross-section with 
the following dimensions: 10mm height×18mm width×240mm length. The free length of the clamped beam is 
210mm. Four strips of PZT patches (P-876.SP1, DuraAct, 0.5×13×16mm) were glued two by two on the opposite 
sides of the beam in a range ‹25÷60›mm from the clamping. Besides PZT actuators, an electromagnet as a reference 
actuator was installed in the vicinity (clearance space 1mm) to the blade tip. The dynamic force (Fem) of the 
electromagnet was measured by the force transducer Deltatron B&K8200. The movement of the blade was picked 
up by the miniature accelerometers B&K4734 placed at the end (AL1) and in the middle of the blade length (AL2). 
The amplifiers of both electromagnet and the PZT patches were excited by signals of the generators (UGem, 
UGPIEZO). The force (Fem), accelerometer signals (AL1, AL2), the output voltages of the generators (UGem, UGPIEZO), 
the supply current of electromagnet (Iem), and the supply voltage of the strips (UPIEZO) were registered by a digital 
oscilloscope. 
The control system dSPACE 2013-B with the unit DS1103 generated UGPIEZO signal. Control programs of the 
unit DS1103 were created in the Matlab-SIMULINK environment. The parametric excitation in the Eq. 6 was 
substituted by the piezo moment (Mp) supplied by the synthesized voltage signal  PIEZO a sU k  cos( t)y tQ , where ys is 
a scaled displacement, ka amplification factor. Since the suppression of the harmonic resonant vibration was 
assumed, we used the measured signal AL1 of accelerometer with an opposite sign as displacement input ys in our 
control algorithm. The angular frequency Q  was set to 5515.4rad/s since experimental values of eigenfrequencies 
were 1 1058.1:  , 2 6573.5:   rad/s.  
The results of this test are summarized in the next figures. The time characteristics of the selected measured 
signals AL1,2, Fem and UPIEZO without and with additional parametric excitation for lower (0.005N) and higher level 
(0.037N) of electromagnetic force Fem are drawn in Fig. 6 and 7, respectively.  
Comparing the amplitudes of AL1 without (UPIEZO =0) and with (UPIEZO ≠0) in Fig. 6 or 7, we can see a strong 
suppression effect of the blade vibration due to the parametric excitation. The character of vibration, i.e. modulation 
of the force excited displacements by the second resonant frequency during the additional parametric excitation is in 
accordance with the theoretical findings presented in Chapter 2. The dashed lines of the upper diagram Fig.6 show 
linear increase of excitation frequency ‹166÷172›Hz during the sweep excitation. The shifts of intersections of these 
lines with vertical lines (solid) of centers of the resonance show small increase (cca 0.5Hz at maximum) of 
resonance frequency. The zoom of time characteristics of Fig. 6 in the vicinity of the resonance ‹107÷107.5›s is 
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shown in Fig. 8. It can be seen that the modulation by the second resonant frequency was even more pronounced in 
the experiment than in the calculations.  
 
 
Fig. 6. The time characteristics of beam acceleration (AL1,2), electromagnetic force (Fem) and supply voltage of the PZT patches (UPIEZO) 
with/without additional parametric excitation – lower level of excitation. 
 
 
 
Fig. 7. The time characteristics of beam acceleration (AL1,2), electromagnetic force (Fem) and supply voltage of the PZT patches (UPIEZO) 
with/without additional parametric excitation –higher level of excitation. 
Fig. 8. The zoomed time characteristics of beam accelerations (AL1,2), electromagnetic force (Fem) and supply voltage of the PZT patches 
(UPIEZO) in a vicinity of resonance under additional parametric excitation - lower level of excitation. 
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5.  Conclusion 
Dynamical tests of the PZT patches on the active control of flexural vibration of the blade model confirmed the 
theoretical levels of bending moments at given levels of a supply voltage measured on the piezoelectric electrodes.  
The force actuation of the PZT patches was introduced into the numerical model of the blade to analyze the 
vibration suppression effects by additional parametric excitation. The numerical simulations show that amplitudes of 
beam resonant vibration evenly decrease, resonance frequency slightly grows and width of resonance extends by 
increasing amplification factor of additional parametric excitation. It proves the theoretical assumption of the 
influence of the parametric antiresonance: the forced vibration is lowered due to increased damping by the 
antiresonance. The suppression vibration effect was confirmed by the experiments, too.  
Higher excitation effect of the PZT patches with respect to PVDF films was ascertained. The blocking force 
resulted in one order higher levels than at the PVDF films. Hence, we did not succeed to get on the assumed 
catalogue value of the blocking force. Therefore, for actuation of turbine blades’ model in our laboratory tests, the 
excitation capacity of the PZT patches is still by at least one order lower than is required. 
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